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Shell-model calculations in a large model space are performed for 16Λ O and
17
Λ O. Effective interac-
tions with degrees of freedom of Σ in addition to Λ and nucleons are derived from hyperon-nucleon
and nucleon-nucleon interactions within the framework of the unitary-model-operator approach.
Effects of the Σ degrees of freedom and the parity-mixing intershell coupling on the Λ hypernu-
clear structure are investigated, employing the Nijmegen NSC97a-f and NSC89 hyperon-nucleon
potentials.
PACS numbers: 21.80.+a, 21.60.Cs, 13.75.Ev, 21.30.Fe
I. INTRODUCTION
One of the challenging problems in theoretical studies
of Λ hypernuclei is to describe their properties, starting
from hyperon-nucleon (YN ) and nucleon-nucleon (NN )
interactions given in free space. The nuclear shell-model
approach would be one of the promising methods for this
problem over a wide range of mass numbers of Λ hy-
pernuclei. In shell-model calculations, however, we need
to introduce an effective interaction because of a limited
dimension of a shell-model space.
Microscopic derivation of an effective interaction for
nuclear shell-model calculations is a fundamental prob-
lem for a deeper understanding of nuclei. The G-matrix
has often been introduced as an approximate effective in-
teraction, taking into account the state dependence, the
medium effect, and the Pauli-blocking effect in a nucleus.
Hao et al. performed the shell-model calculation for 16Λ O,
deriving the ΛN G-matrix for a finite system [1]. Af-
terward, Tzeng et al. have developed their approach to
the effective ΛN interaction by calculating core polar-
ization diagrams and folded diagrams [2] in addition to
the bare G-matrix [3]. They have also proposed the two-
frequency shell model by introducing different frequencies
of the harmonic-oscillator (h.o.) wave functions in order
to describe different spreads of the wave functions of Λ
and nucleons [4].
As for the treatment of the Λ wave function, Motoba
has discussed that the mixing of higher nodal h.o. ba-
sis functions is needed for the description of the weekly-
bound 0p states of Λ in the study of 16Λ O together with
17
Λ O [5, 6], using the YNG interaction proposed by Bando¯
and Yamamoto [7].
The 16Λ O is a representative hypernucleus for which ex-
perimental data are comparatively accumulated. Fur-
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thermore, a high-resolution γ-ray spectroscopy experi-
ment for 16Λ O has been performed at BNL [8]. Useful
information on fine structures reflecting the properties of
the underlying YN interactions should be obtained. In
such a situation, it is of highly interest to examine to
what extent the YN interactions proposed up to now re-
produce experimental data on the Λ hypernuclear struc-
ture. For this reason, the importance of accurate deriva-
tion of the effective interaction for the shell-model calcu-
lation has been growing.
In our previous works [9, 10], we have proposed a
method for a microscopic description of Λ hypernuclei
within the framework of the unitary-model-operator ap-
proach (UMOA) [11]. The UMOA is a many-body the-
ory that leads to an energy-independent and Hermitian
effective interaction which possesses the decoupling prop-
erty [12] between two states in a model space and an
excluded one. An effective Hamiltonian is given by a
unitary transformation of an original Hamiltonian. We
here note that this type of effective interaction has been
used in recent accurate calculations for light nuclei, for
example, the no-core shell model [13] and the method of
the effective-interaction hyperspherical harmonics [14].
We applied the UMOA to the calculations of Λ single-
particle energies in 17Λ O and
41
Λ Ca [10], using YN interac-
tions given by the Nijmegen [15, 16] and the Ju¨lich [17]
groups. Some reasonable results were obtained, such as
the small spin-orbit splitting of Λ [18] compared with
those in nuclei though the calculated energies consider-
ably depend on the YN interactions employed. It was
also confirmed that the mixing of higher nodal h.o. basis
states was important for the description of the Λ wave
function.
In this work, we try to perform shell-model calcula-
tions for 16Λ O in addition to
17
Λ O. In the shell-model cal-
culations for Λ hypernuclei made so far, the effects of the
ΣN channel have been treated as renormalization into a
ΛN effective interaction in many cases. The Σ degrees
of freedom have not been treated explicitly in the shell-
model calculations. Therefore, it is interesting to derive
2an effective YN interaction which includes not only the
ΛN channel but also the ΣN one, and to apply such an
effective interaction to shell-model calculations for Λ hy-
pernuclei. Another difference of our approach from the
usual shell-model calculations is that we do not employ
the experimental single-particle energies of nucleons. In-
stead, we use the calculated single-particle energies of
nucleons which are determined with the effective NN in-
teractions. We also use the single-particle energies of Λ
and Σ determined in a similar way.
This paper is organized as follows. In Sec. II, the pro-
cedure for the shell-model calculation is given. The calcu-
lated results for 17Λ O and
16
Λ O using the Nijmegen soft-core
97 (NSC97) [16] and NSC89 [15] potentials are shown in
Sec. III. Finally, concluding remarks are made in Sec. IV.
II. CALCULATION METHOD
A. Effective Hamiltonian
We first consider a Hamiltonian of a hypernuclear sys-
tem consisting of nucleons and one Λ (or Σ). It may be
written in the second-quantization form as
H =
∑
αβ
〈α|tN |β〉c
†
αcβ +
1
4
∑
αβγδ
〈αβ|vN1N2 |γδ〉c
†
αc
†
βcδcγ
+
∑
µν
〈µ|tY +∆m|ν〉d
†
µdν
+
∑
µανβ
〈µα|vYN |νβ〉d
†
µc
†
αcβdν , (1)
where c† (c) is the creation (annihilation) operator for a
nucleon in the usual notation, and d† (d) is the creation
(annihilation) operator for a hyperon, Λ or Σ. The ki-
netic energies of a nucleon and a hyperon are denoted by
tN and tY , respectively. The quantities vN1N2 and vYN
represent the NN and YN interactions, respectively. The
symbols α, β, γ, and δ are used for the sets of quantum
numbers of nucleon states, and µ and ν for those of hy-
peron states. The |αβ〉 is the anti-symmetrized and nor-
malized two-body NN state. The term ∆m denotes the
difference between the rest masses of Λ and Σ.
In order to properly treat the short-range two-body
correlation, we introduce a unitary transformation of the
Hamiltonian as
H˜ = e−SHeS , (2)
where S is the sum of anti-Hermitian two-body operators
for the NN and YN systems defined as
S = S(NN ) + S(YN ), (3)
with
S(NN ) =
1
4
∑
αβγδ
〈αβ|SN1N2 |γδ〉c
†
αc
†
βcδcγ , (4)
S(YN ) =
∑
µανβ
〈µα|SYN |νβ〉d
†
µc
†
αcβdν . (5)
We adopt a cluster expansion of the unitarily trans-
formed Hamiltonian as
H˜ = H˜(1) + H˜(2) + · · ·, (6)
where the first two terms are written explicitly as
H˜(1) =
∑
αβ
〈α|hN |β〉c
†
αcβ +
∑
µν
〈µ|hY |ν〉d
†
µdν , (7)
H˜(2) =
1
4
∑
αβγδ
〈αβ|v˜N1N2 |γδ〉c
†
αc
†
βcδcγ
−
∑
αβ
〈α|uN |β〉c
†
αcβ
+
∑
µανβ
〈µα|v˜YN |νβ〉d
†
µc
†
αcβdν
−
∑
µν
〈µ|uY |ν〉d
†
µdν . (8)
Since the exponent S in Eq. (2) is a two-body operator,
the one-body parts in H˜ are unchanged and given by
hN = tN + uN , (9)
hY = tY + uY +∆mY . (10)
The terms uk for k = N and Y are the auxiliary single-
particle potentials of a nucleon and a hyperon, respec-
tively, and at this stage they are arbitrary. The quanti-
ties v˜kl for {kl} = {N1N2} and {YN } are the transformed
two-body interactions for the NN and YN systems, and
they are given by
v˜N1N2 = e
−SN1N2 (hN1 + hN2 + vN1N2)e
SN1N2
−(hN1 + hN2), (11)
v˜YN = e
−SYN (hY + hN + vYN )e
SYN
−(hY + hN ). (12)
In nuclear many-body problems, it is important how to
choose the auxiliary potential uk. We introduce uN and
uY as self-consistent potentials defined with the trans-
formed two-body interactions v˜N1N2 and v˜YN as
〈α|uN |β〉 =
∑
ξ≤ρF
〈αξ|v˜N1N2 |βξ〉, (13)
〈µ|uY |ν〉 =
∑
ξ≤ρF
〈µξ|v˜YN |νξ〉, (14)
where ρF is the uppermost occupied level, and the sym-
bol ξ indicates an occupied state for nucleons. If uN and
3uY are defined as given in Eqs. (13) and (14), it can be
proved that the second and fourth terms on the right-
hand side of Eq. (8) are canceled by the contributions of
the bubble diagrams of the first and third terms, respec-
tively. Therefore, the cluster terms H˜(1) and H˜(2) include
only the one- and two-body operators, respectively, if we
write them in the normal-product form with respect to
particles and holes [11].
The transformed Hamiltonian H˜ contains, in general,
three-or-more-body transformed interactions, even if the
starting HamiltonianH in Eq. (1) does not include three-
or-more-body interactions. In the previous paper [10], a
method of evaluating the three-body cluster (TBC) ef-
fect has been presented for the calculation of Λ single-
particle energies. The TBC terms are generated as the
transformed three-body interactions among the YNN
and NNN systems, and they contain generally two fac-
tors of the correlation operator Skl for {kl} = {N1N2}
and {YN }. It has been verified that the matrix elements
of the correlation operator are quite small, and thus the
TBC contributions to the Λ single-particle energies are
considerably smaller than the contributions from the one-
and two-body cluster terms. The TBC contributions to
the Λ single-particle energies in 17Λ O were found to be at
most 4% of the Λ potential energy. Therefore, we assume
that the TBC terms do not have significant effects on the
energy levels in 16Λ O, and the three-or-more-body effective
interactions are not included in the present calculation.
B. Model space of two-body NN and YN states
An important problem in the present approach is how
to determine the two-body correlation operators Skl for
{kl} = {N1N2} and {YN } in Eqs. (4) and (5), respec-
tively. These operators are given as solutions to the equa-
tion of decoupling as
Qkle
−Skl(hk + hl + vkl)e
SklPkl = 0, (15)
where Pkl and Qkl are projection operators which act
in the space of two-body states and project a two-body
state onto the low-momentum model space and the high-
momentum space, respectively. It has been proved that
Eq. (15) for Skl can be solved in a nonperturbative way [9,
11] under the conditions
PklSklPkl = QklSklQkl = 0. (16)
In order to actually calculate the effective interaction,
we need two-body model spaces for the NN and YN
channels. We choose the same model space for the NN
channel as in Ref. [11]. We here define the model space
of the YN channel as follows: Two-body YN states for
Y = Λ and Σ are given by the product of the h.o. wave
functions as
|µYαN 〉 = |nY lY jYmY , nN lN jNmN 〉 (17)
Λ
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FIG. 1: The model space of the ΛN (a) and ΣN (b) channels
and its complement.
with the h.o. quantum numbers, {nY , lY , jY ,mY } and
{nN , lN , jN ,mN }, of a hyperon and a nucleon, respec-
tively. The model space of the YN channel PΛN + PΣN
and its complement QΛN +QΣN are defined with bound-
ary numbers ρΛ and ρΣ as
|µΛαN 〉 ∈
{
PΛN if 2nΛ + lΛ + 2nN + lN ≤ ρΛ,
QΛN otherwise
(18)
and
|µΣαN 〉 ∈
{
PΣN if 2nΣ + lΣ + 2nN + lN ≤ ρΣ,
QΣN otherwise.
(19)
Note that the numbers ρΛ and ρΣ are zero or positive
integers. In Fig. 1, the model space and its complement
are shown. The YN states in the space Q
(X)
ΛN+Q
(X)
ΣN spec-
ified by the numbers ρΛ, ρΣ, ρF, and ρX in Fig. 1 should
be excluded due to the Pauli principle for nucleons, and
defined as
|µΛαN 〉 ∈ Q
(X)
ΛN if ρΛ < 2nΛ + lΛ + 2nN + lN ≤ ρX
and 0 ≤ 2nN + lN ≤ ρF (20)
and
|µΣαN 〉 ∈ Q
(X)
ΣN if ρΣ < 2nΣ + lΣ + 2nN + lN ≤ ρX
and 0 ≤ 2nN + lN ≤ ρF. (21)
The number ρF denotes the highest occupied orbit in the
core nucleus and is taken as ρF = 1 in the present case of
16O. The value of ρX should be chosen as large as possible
so as to exclude the YN states in the Pauli-blocked Q
(X)
YN
space. In the present calculation, we take as ρX = 12.
The values of ρΛ and ρΣ, in principle, should be taken as
a large value so that the results become independent of
ρΛ and ρΣ. As for ρΛ, we take as ρΛ = 8 which has been
shown to be sufficiently large in the previous work [9].
The ρΣ-dependence of calculated energy levels in
17
Λ O and
16
Λ O will be discussed in detail in Sec. III.
The effective interaction v˜YN in Eq. (12) is determined
by solving the decoupling equation in Eq. (15) between
4the model space PYN = PΛN+PΣN and the spaceQYN =
(QΛN −Q
(X)
ΛN ) + (QΣN −Q
(X)
ΣN ). The detailed procedure
for solving the decoupling equation has been given in
Ref. [9].
C. Shell-model diagonalization
We proceed to discuss the calculation procedure for the
shell-model diagonalization. The shell-model spaces we
adopt are given by
d†Λ|φ0〉 ⊕ d
†
Λa
†b†|φ0〉 ⊕ d
†
Σa
†b†|φ0〉 (22)
for 17Λ O and
d†Λb
†|φ0〉 ⊕ d
†
Σb
†|φ0〉 ⊕ d
†
Λa
†b†b†|φ0〉 ⊕ d
†
Σa
†b†b†|φ0〉
(23)
for 16Λ O, where d
†
Λ (d
†
Σ) is the creation operator of a Λ (Σ),
and a† and b† are the creation operators of a particle and
a hole, respectively, for nucleons. The state |φ0〉 is the
unperturbed ground state of the core nucleus which is
the particle-hole vacuum satisfying a|φ0〉 = b|φ0〉 = 0.
In general, the transformed Hamiltonian H˜ in Eq. (2)
includes three-or-more-body effective interactions. In the
present calculation, as mentioned before, we neglect the
many-body effective interactions, and take the one- and
two-body parts in H˜ . In this approximation, the direct
coupling of d†Λ|φ0〉 and d
†
Λa
†a†b†b†|φ0〉 in
17
Λ O does not
occur anymore. This is because the operator SN1N2 in
Eq. (4) is determined so that the transformed Hamilto-
nian does not contain interactions inducing two-particle-
two-hole (2p-2h) excitations in the ground state of the
core nucleus [11]. The same discussion applies to the di-
rect coupling of d†Λb
†|φ0〉 and d
†
Λa
†a†b†b†b†|φ0〉 in
16
Λ O. On
these considerations, we take only the shell-model spaces
as in Eqs. (22) and (23) in which the effective Hamilto-
nian is diagonalized.
It should be noted that since we diagonalize the unitar-
ily transformed Hamiltonian H˜ in Eq. (2), a true eigen-
state of the original Hamiltonian H can be given by a
transformed state. That is to say, an eigenstate of H de-
noted by |Ψk〉 is given by e
S |ψk〉, where |ψk〉 is an eigen-
state of the transformed Hamiltonian H˜ . The correlated
ground state of the core nucleus |Φ0〉 is related to the un-
perturbed shell-model ground state |φ0〉 as |Φ0〉 = e
S |φ0〉.
In general, |Φ0〉 contains 2p-2h, 4p-4h, and higher-order
particle-hole components through the unitary transfor-
mation eS with the two-body correlation operator S. In
a similar way, the transformed state |Ψk〉 contains many-
particle-many-hole components consistently with the cor-
relations in the ground state of the core nucleus.
We here want to discuss the Λ-Σ coupling three-body
force of which effect has been pointed out by Tzeng et
al. [3, 4]. In the present shell-model calculation we ne-
glect the transformed three-or-more-body interactions,
but this does not mean to neglect the Λ-Σ three-body
force. In our approach the ΣN -ΛN coupling terms re-
main in the transformed Hamiltonian, if we include the
ΣN states in the YN model space. Therefore, the ΣN -
ΛN coupling is evaluated as configuration mixing of Σ-
nucleons states into Λ-nucleons ones.
In shell-model calculations, spurious states caused by
the center-of-mass (c.m.) motion often mix with physical
states. In the present case, the 1p-1h spurious 1−(T = 0)
state in 16O affects low-lying physical states, especially,
the 3/2−(T = 0) and 1/2−(T = 0) states in 17Λ O [19].
In order to remove the spurious c.m. state, we add the
following term
Hβ = β|1
−
c.m.〉〈1
−
c.m.| (24)
to the effective Hamiltonian, and then the Hamiltonian
is diagonalized. We take as β = 3~ω in Eq. (24) with
the h.o. frequency ~ω, and we eliminate the spurious 1−
state from the low-lying states under consideration.
As for the value of ~ω, we take as ~ω = 14MeV because
the result tends to the saturation minimum of the binding
energy in 16O at close this value [20]. We employ the
same value 14MeV for ~ω of the hyperons Λ and Σ. In
general, the spreads of the wave functions of the hyperons
and nucleons are different from each other. If one tries
to describe the states of the hyperons and nucleons using
the h.o. wave functions, one may choose the different
frequencies as done in the two-frequency shell model [4].
In the present work, however, we take the values of ~ω
commonly for the hyperons and nucleons, because the
final result in the shell-model calculation should be, in
principle, independent of ~ω if we take a sufficiently large
model space in the calculation.
Since we diagonalize the effective Hamiltonian in the
space of the particle-hole states, we should remove
unlinked-diagram contributions in a suitable way. In
our approach, non-diagonal matrix elements of the one-
body part of the nucleon remain in the effective Hamilto-
nian, which induces the 1p-1h excitation and causes the
unlinked-diagram effect. In order to remove the unlinked
terms, we calculate separately the correlation energy Ec
of the core nucleus in the space of |φ0〉 ⊕ a
†b†|φ0〉. We
then subtract Ec from the eigenvalue ESM of the shell-
model effective Hamiltonian. In the case of 17Λ O, the value
of ESM−Ec corresponds to the binding energy of Λ mea-
sured from the 16O+Λ threshold.
III. RESULTS AND DISCUSSION
We performed calculations employing the Nijmegen
soft-core 97 (NSC97) [16] and NSC89 [15] potentials for
the YN interaction. As for the NN interaction, we
choose the Paris [21] potential. All the interaction ma-
trix elements of the Hamiltonian in Eq. (2) are derived
from these bare interactions within the framework of the
UMOA. In these calculations we do not introduce any
adjustable parameters and experimental values such as
single-particle energies of Λ, Σ, and nucleons. This sort
5of microscopic calculation would be worthy of revealing
the states of the present YN interactions.
A. Structure of 17Λ O
In Fig. 2, we first show the calculated energy levels in
17
Λ O for the NSC97d and NSC97f potentials as a function
of ρΣ. The results correspond to the Λ single-particle en-
ergies including the effect of core polarization. One can
see that the results for both potentials are stable for the
change of the values of ρΣ, and almost the same as the
results for “ΛN ”. The “ΛN ” means that the ΣN channel
is not included in the model space. This suggests that
the effects of the ΣN channel into the ΛN effective inter-
action can be well renormalized. It has been confirmed
that this tendency of the convergence is also observed for
the other NSC97 models.
In Table I, we tabulate the calculated energy levels in
17
Λ O with the values of the Λ spin-orbit splitting for the
NSC97a-f potentials. In this table the values for ρΣ = 5
are presented as the sets of convergent results in this
study, and we also list the values in parentheses which
are the results for “ΛN ” for reference. The results show
that the energies for the NSC97c are the most attractive
in the NSC97 models, on the other hand, those for the
NSC97f are the least attractive. This trend is also seen
in the calculation for nuclear matter as in Ref. [16]. We
also see that the Λ spin-orbit splittings become larger
from the NSC97a to NSC97f. Recently, the magnitude
of the Λ spin-orbit splitting in 13Λ C has been established
experimentally as ∆Els(
13
Λ C) = E(1/2
−) − E(3/2−) =
152 ± 54(stat) ± 36(syst) keV [18]. Our results of the
Λ spin-orbit splitting in 17Λ O for the NSC97 models may
considerably larger than the value suggested from the
experimental result of 13Λ C.
We note here that the present results in Table I agree
−15
−10
−5
O17ΛE(MeV) NSC97d
ρΣ
10 2 3 4 5
/ +
ΛN
1 2
/ −1 2
/ −3 2
−15
−10
−5
0
O17ΛE(MeV) NSC97f
ρΣ
10 2 3 4 5
/ +
ΛN
1 2
/ −1 2
/ −3 2
FIG. 2: The calculated energy levels in 17Λ O for the NSC97d
and NSC97f potentials as a function of ρΣ. The energy levels
for “ΛN ” are the results for the case without the ΣN channel
in the model space.
well with those obtained in the previous work [10] in
which the calculation was made perturbatively. We may
say that both methods, the shell-model diagonalization
and the perturbative method, are workable in the calcu-
lation of the Λ single-particle energies in Λ hypernuclei
which have the simple structure. In the following subsec-
tion, we shall proceed to study a more complex system,
namely, 16Λ O by the shell-model diagonalization.
B. Structure of 16Λ O
Experimental energy levels in 16Λ O are usually relative
to the ground state of 15O. Since we employ the particle-
hole formalism, the results of the shell-model diagonal-
ization are relative to the ground state of 16O. There-
fore, we subtract the mass difference between 15O and
16O from the calculated results in order to compare our
results with the experimental spectrum. The mass dif-
ference is computed by the shell-model diagonalization
in the space of the 1h+(1p-2h) configuration, using the
nucleon parts of the effective Hamiltonian in Eq. (2).
In Fig. 3, we show the ρΣ-dependence of the calcu-
lated energies for low-lying states in 16Λ O for the NSC97d
and NSC97f. One can see that the energy levels of the
negative parity states become slightly more attractive as
the value of ρΣ becomes larger. We may say, however,
that the splittings of the ground-stated doublet (0−1 , 1
−
1 )
hardly change, and thus almost convergent results are
obtained. On the other hand, in the first-excited dou-
blet (1−2 , 2
−
1 ), the splittings become slightly smaller as
ρΣ increases. These trends have also been observed in
the results for the other NSC97 models.
There are some arguments that splittings of the spin
doublets (J>,< = Jcore ± s
Λ
1/2) in Λ hypernuclei depend
on the spin-dependent ΛN interactions, such as the spin-
spin and tensor interactions [16, 22]. In addition, the
ΣN -ΛN coupling may affect not only the magnitude of
−15
−10
−5
O16ΛE(MeV) NSC97d
ρΣ
10 2 3 4 5ΛN
−1
1
0
−
−
−2
+0
+1
+1
+2
−15
−10
−5
O16ΛE(MeV) NSC97f
ρΣ
10 2 3 4 5ΛN
−1
1
0
−
−
−2
−2
−1
+0
+1
+2
+1
FIG. 3: The ρΣ-dependence of the calculated results of low-
lying states in 16Λ O.
6TABLE I: The values of the calculated energy levels in 17Λ O for the NSC97a-f potentials for ρΣ = 5. The quantity ∆Els stands
for the magnitude of the Λ spin-orbit splitting defined as ∆Els = E(1/2
−) − E(3/2−). The values in parentheses denote the
results using the renormalized “ΛN ” effective interaction. All energies are in MeV.
NSC97a NSC97b NSC97c NSC97d NSC97e NSC97f
1/2− −3.29 −3.19 −3.51 −3.24 −2.82 −1.65
(−3.44) (−3.37) (−3.67) (−3.34) (−2.87) (−1.65)
3/2− −3.72 −3.75 −4.23 −4.12 −3.77 −2.60
(−3.91) (−3.95) (−4.42) (−4.24) (−3.84) (−2.64)
1/2+ −17.04 −17.14 −17.91 −17.79 −17.26 −15.42
(−17.39) (−17.46) (−18.23) (−17.99) (−17.40) (−15.47)
∆Els 0.44 0.56 0.72 0.88 0.94 0.95
(0.47) (0.58) (0.74) (0.90) (0.97) (0.99)
TABLE II: The calculated energy values of the low-lying states in 16Λ O for the NSC97a-f potentials for ρΣ = 5. The quantity
∆E1,2 stands for the magnitude of the splitting between the 1
−
2 and 2
−
1 states defined as ∆E1,2 = E(1
−
2 )−E(2
−
1 ), and ∆E1,0
is defined as ∆E1,0 = E(1
−
1 ) − E(0
−
1 ). The values in parentheses denote the results using the renormalized “ΛN ” effective
interaction. All energies are in MeV.
NSC97a NSC97b NSC97c NSC97d NSC97e NSC97f
1+2 −4.38 −4.38 −4.80 −4.59 −4.15 −2.88
(−4.26) (−4.25) (−4.69) (−4.55) (−4.17) (−2.96)
2+1 −4.50 −4.58 −5.13 −5.02 −4.63 −3.37
(−4.36) (−4.43) (−4.99) (−4.95) (−4.61) (−3.39)
0+1 −4.98 −5.16 −5.90 −5.95 −5.63 −4.22
(−4.86) (−5.04) (−5.80) (−5.98) (−5.72) (−4.38)
1+1 −5.67 −5.76 −6.38 −6.21 −5.74 −4.20
(−5.60) (−5.70) (−6.32) (−6.25) (−5.83) (−4.36)
1−2 −10.74 −10.93 −11.77 −11.75 −11.33 −9.70
(−10.25) (−10.45) (−11.32) (−11.44) (−11.08) (−9.50)
2−1 −11.69 −11.71 −12.36 −12.04 −11.43 −9.58
(−11.39) (−11.43) (−12.08) (−11.87) (−11.31) (−9.53)
1−1 −17.24 −17.34 −18.14 −17.96 −17.43 −15.60
(−16.85) (−16.96) (−17.76) (−17.71) (−17.23) (−15.45)
0−1 −17.93 −17.93 −18.57 −18.20 −17.57 −15.70
(−17.48) (−17.51) (−18.12) (−17.89) (−17.32) (−15.58)
∆E1,2 0.96 0.78 0.60 0.29 0.10 −0.12
(1.15) (0.98) (0.75) (0.43) (0.22) (0.03)
∆E1,0 0.69 0.59 0.41 0.23 0.13 0.11
(0.64) (0.56) (0.36) (0.18) (0.10) (0.13)
the splittings but also the ordering of the levels for the
spin doublets. In fact, the inversion of levels appears, in
Fig. 3, as seen in the results of the first-excited doublet
(1−2 , 2
−
1 ) for the NSC97f at ρΣ = 1 and 2 though the
splitting energies are very small.
Tzeng et al. have shown that the 1− states for both
of the doublets become more attractive compared to the
other spin partners if they take into account the effect of
the Λ-Σ coupling three-body force [4]. In our approach,
the effect of the Λ-Σ three-body force is automatically
taken into account when we include the ΣN channel in
the model space, as discussed before. In our results the
trend of the Λ-Σ three-body effect on the first-excited
doublet agrees with the results by them, but that on the
ground-state doublet does not necessarily agree for the
NSC97f.
We should say, however, that the Λ-Σ three-body effect
on the energy levels may appear more clearly if we use
a YN potential which has a strong ΣN -ΛN interaction
such as the NSC89 potential. As a matter of fact, both
splittings of the doublets become larger as ρΣ increases,
if we use the NSC89. For example, the splitting energies
of the ground-state doublet are 0.17MeV and 0.61MeV,
respectively, for the cases of “ΛN ” and ρΣ = 5, and those
of the first-excited doublet, 0.26MeV and 0.81MeV. We
note here that both of the 1− states are always more
attractive than the other spin partners for the NSC89
regardless of the values of ρΣ, which is a different feature
from the results for the NSC97 models. Our results of the
two doublets for the NSC89 agree fairly well with their
results [4].
In Table II, the calculated energies of the low-lying
states for ρΣ = 5 are tabulated for the NSC97a-f po-
tentials. The results for “ΛN ” are also shown in paren-
7theses for reference. Smooth variation of the splittings
of the ground and first-excited doublets with negative
parity is observed when we change the YN potentials
from the NSC97a to NSC97f. It may be considered that
this variation is a reflection of the different strengths of
the spin-dependent interactions originated from the vari-
ation of the magnetic F/(F +D) ratio αmV for the vector
mesons in the NSC97a-f [16]. The gradual change can be
also seen in the Λ spin-orbit splitting in 17Λ O as shown
in Table I. We note that the 1−1 state of the ground-
state doublet lies in energy above the 0−1 state for the
NSC97a-f.
In the E930 experiment at BNL, two γ-transitions from
the 1−2 state to the ground-state doublet (0
−
1 , 1
−
1 ) are ex-
pected to be observed [8]. From these the magnitude of
the splitting of the ground-state doublet should be estab-
lished. Our results might help to constrain parameters
such as αmV for the NSC97 models in determining YN
interactions.
As for the positive parity states, one can see that the
calculated results have very weak dependence on ρΣ for
the NSC97d and NSC97f in Fig. 3. It has been con-
firmed that similar tendency is observed for the other
NSC97 models. In Table II, the calculated energies of the
positive- and negative-parity states have been tabulated
for the NSC97a-f potentials. In Fig. 4, we also show the
calculated energy levels using the NSC97a-f and NSC89
potentials for ρΣ = 5 together with the experimental lev-
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FIG. 4: Energy levels in 16Λ O. The calculated results were
obtained for ρΣ = 5. The experimental levels were taken
from Ref. [23].
els.
An interesting feature can be seen concerning the rel-
ative position of the 0+1 and 2
+
1 states. Our results of the
0+1 state are below the 2
+
1 state in energy, except for the
NSC89. The relative positions of the 0+1 and 2
+
1 states
in our results show a different feature from the results of
the shell-model calculations by other groups [4, 5] though
the same YN interactions are employed. In those calcu-
lations, the 2+1 state lies below the 0
+
1 state. In a simple
picture, the 0+1 and 2
+
1 states have the main components
composed of [0pΛ1/2, 0p
−1
1/2] and [0p
Λ
3/2, 0p
−1
1/2], respectively.
Thus, the 2+1 state should be below the 0
+
1 state in con-
nection with the positions of the 0pΛ3/2 and 0p
Λ
1/2 states
which are separated in energy by the Λ spin-orbit split-
ting in 17Λ O.
We found that the inversion of the levels in our re-
sults was caused mainly by the parity-mixing intershell
coupling in 1~ω excitation as discussed by Motoba [5].
As a unique feature of the structure of Λ hypernuclei,
negative- and positive-parity nuclear core states can cou-
ple in the same energy region through a transition of Λ
states such as the 0pΛ1/2 state to the 0s
Λ
1/2 state. In other
words, even if the 1p-1h excitation of nuclear core pushes
its energy up by about 1~ω, the energy can be compen-
sated by the transition of Λ states in 1~ω energy region.
In our calculation using the NSC97f and the Paris poten-
tials, the 0+1 state does not have the simple [0p
Λ
1/2, 0p
−1
1/2]
configuration, but a rather complex structure, as illus-
trated in Table III. We see that the probability for the
last configuration which includes the positive-parity core-
excited state is the same order of magnitude as that for
the first configuration which includes the negative-parity
state of the core nucleus.
As for the 2+1 state, however, such a strong effect of the
parity-mixing intershell coupling does not appear. The
dominant configuration is only [0pΛ3/2, 0p
−1
1/2] which is the
natural configuration with the lowest unperturbed en-
ergy. It should be noted that the 2+1 state can not be con-
TABLE III: The percentage analysis of the low-lying positive
parity states for ρΣ = 5. The percentage for each configura-
tion denotes the probability, namely, the square of mixing
amplitude. The values in parentheses denote the results us-
ing the renormalized “ΛN ” effective interaction. The NSC97f
and the Paris potentials are employed for the YN and NN
interactions, respectively.
Configuration 0+1 1
+
1 2
+
1
[0pΛ1/2, 0p
−1
1/2] 30.1% 1.9% 0%
(27.4%) (1.8%) (0%)
[0pΛ3/2, 0p
−1
1/2] 0% 37.8% 65.6%
(0%) (34.3%) (64.0%)
[0sΛ1/2, 0s
−1
1/2
] 12.1% 9.0% 0%
(12.3%) (9.5%) (0%)
[0sΛ1/2, 0d5/2, 0p
−1
3/2, 0p
−1
1/2] 33.0% 26.6% 6.9%
(35.8%) (30.2%) (8.4%)
8structed from the configurations including the 0sΛ1/2 state
in the space of the 1Λ-1h configuration. The [0sΛ1/2, 0s
−1
1/2]
configuration can couple with the p-h excited configura-
tion [0sΛ1/2, 0d5/2, 0p
−1
3/2, 0p
−1
1/2] through the NN effective
interaction to construct the 0+1 state. Thus, the energies
of the 0+1 and 2
+
1 states are dependent on the adopted
NN interaction as well as the YN interaction. The same
discussion on the parity-mixing intershell coupling as the
0+1 state applies to the 1
+
1 state as we see from Table III.
Although the parity-mixing intershell coupling also af-
fects the 2+1 state, the effect is considerably smaller than
the 0+1 and 1
+
1 states. Therefore, we conclude that the
parity-mixing intershell coupling strongly affects special
states such as the 0+1 and 1
+
1 states with the help of the
NN effective interaction.
Concerning the comparison with the experimental lev-
els, we may say that the calculated results of the exci-
tation spectra from the ground state agree well with the
experimental values, on the whole, as shown in Fig. 4.
The relative energy between the lowest two levels in the
experimental data corresponds to the spin-orbit splitting
energy of the nucleon. Our results of the splitting be-
tween the lowest two bunched levels show a good agree-
ment with the corresponding experimental values. These
splittings of the calculated results are obtained, reflect-
ing the property of the adopted NN interaction which is
the Paris potential in the present study.
In the present shell-model calculations, we do not em-
ploy the experimental single-particle energies of Λ, Σ,
and nucleons. The results thus obtained show directly
the differences in properties between the YN interac-
tions. In general, the effective YN and NN interactions
are derived dependently on the single-particle energies
of Λ, Σ, and nucleons. These single-particle energies
are determined by both of the spin-dependent and spin-
independent interactions. In this context, our results re-
flect not only the spin-dependent interaction but also the
spin-independent one of the free YN and NN interac-
tions.
We here make some comments on the results obtained
by Tzeng et al. [4, 24]. It seems that our results of 16Λ O
considerably differ from their results at first sight. As a
matter of fact, the dependence of the calculated energy
levels in the absolute value on the YN interactions is dif-
ferent from each other. This is mainly because of the dif-
ference of the treatment of the single-particle energies. In
their method, a common set of the semi-empirical single-
particle energies is employed in the calculations using
various YN interactions. Therefore, there are consider-
able differences in the absolute values of the energy lev-
els between their and our results. However, as far as we
are concerned with the excitation spectra, especially the
splittings of the two doublets with negative parity, our
results of 16Λ O for the NSC97a-f and NSC89 potentials
are consistent, on the whole, with the results obtained
by them. As a general feature, our results of the split-
tings of the two doublets show a little smaller values than
their results.
We move to the discussion on the dependence of the
calculated results on the YN interactions. In our results
of the ground-state doublet in 16Λ O, the result for the
NSC97c is the most attractive in the NSC97 models, and
that for the NSC97f is the least attractive. One may
consider that this tendency is not consistent with results
of 4ΛHe in a recent calculation [25]. In that study, the
binding energy of the ground 0+ state for the NSC97f
is the most attractive, and the result for the NSC97d is
the least attractive. Results for the NSC97a-c potentials
have not been given in their paper. This question of the
inconsistency can be solved by analyzing matrix elements
of our ΛN effective interaction.
In Fig. 5, some of the representative matrix ele-
ments of the renormalized “ΛN ” effective interaction for
the NSC97 models are shown. We see that the ma-
trix elements vary almost linearly from the NSC97a to
NSC97f. In the shell-model language, the dominant
contribution of the matrix element to the ground 0+
state in 4ΛHe should be 〈0s1/20s1/2|v˜ΛN |0s1/20s1/2〉J=0,
namely, the spin-singlet s-wave interaction. This ma-
trix element for the NSC97f is the most attractive in
the NSC97 models as seen in Fig. 5, and the depen-
dence on the YN interactions is consistent with the
results of 4ΛHe. On the other hand, the matrix el-
ement 〈0s1/20s1/2|v˜ΛN |0s1/20s1/2〉J=1 which represents
the spin-triplet s-wave interaction contributes domi-
nantly to the 1+ state, namely, the spin partner of the
0+ state in 4ΛHe. The value of this matrix element for
the NSC97f is the least attractive in the NSC97 models.
This trend is observed in their results of the 1+ state in
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FIG. 5: Dependence of some of the representative ma-
trix elements of the renormalized “ΛN ” effective interaction
〈aΛbN |v˜ΛN |cΛdN 〉J,T=1/2 on the NSC97 models in
16
Λ O. The
single-particle states are labeled as 1 = 0s1/2, 2 = 0p1/2, and
3 = 0p3/2.
94
ΛHe [25]. Therefore, our results are not inconsistent with
the results of 4ΛHe.
In the calculation of the ground-state doublet with neg-
ative parity in 16Λ O, the other matrix elements in Fig. 5
are important. These matrix elements include effects
of the p-wave interaction in addition to the s-wave one.
The p-wave interaction also contributes to the Λ single-
particle energy for the 0s1/2 state, and thus the structure
of 16Λ O becomes more complex than
4
ΛHe. As a result, the
energies for the NSC97c are the most attractive in the
NSC97 models in 16Λ O. It may be considered that the
study of 16Λ O is useful to investigate properties of higher
partial-wave interactions such as the p-wave interaction.
Finally, we move back to the discussion on the compar-
ison of our results and the experimental values. Roughly
speaking, the experimental energy levels lie between the
two results for the NSC97f and NSC89 potentials. As
we mentioned before, however, effects of the many-body
effective interaction are not included in the present cal-
culation. In the previous study, the effect of the three-
body cluster (TBC) terms on the Λ single-particle en-
ergy in 17Λ O was investigated [10]. It was confirmed that
the TBC terms caused a repulsive contribution of about
1MeV to the Λ single-particle energy for the 0s1/2 state
in 17Λ O for the NSC97f. This suggests that the TBC ef-
fect shifts the energy levels of the negative-parity states
in 16Λ O repulsively to the same extent, if we take into ac-
count this effect in the present study. Thus, the NSC97f
potential might be favorable in the NSC97 models for the
calculation for 16Λ O.
IV. CONCLUDING REMARKS
Shell-model calculations for 17Λ O and
16
Λ O in a large
model space have been performed. By introducing a new
model space including ΣN states, we have calculated ef-
fective interactions which include the ΣN -ΛN coupling
terms. As far as we know, the degrees of freedom of Σ
in addition to Λ and nucleons have been explicitly intro-
duced in the shell-model calculations for the first time.
The effective interactions and the single-particle ener-
gies employed in the shell-model calculations have been
microscopically derived from the NSC97a-f and NSC89
YN interactions and the Paris NN interaction within the
framework of the UMOA.
It has been confirmed that the results of the present
shell-model diagonalization for 17Λ O with the NSC97a-f
potentials agree well with those of our previous study in
which the calculation was performed perturbatively. The
Λ spin-orbit splitting energies obtained are 0.44MeV to
0.95MeV for the NSC97a to NSC97f. These values seem
to be considerably larger than the value suggested from
the experimental result of 13Λ C which has been established
recently.
It has been found that a drastic change in the struc-
ture of 16Λ O induced by the Σ degrees of freedom does not
occur as far as we employ the NSC97a-f potentials. The
Σ degrees of freedom give rise to a small effect on the
first-excited doublet (1−2 , 2
−
1 ) in
16
Λ O. However, if we use
the NSC89 potential which has a strong ΣN -ΛN inter-
action, the splittings of the ground and first-excited dou-
blets, respectively, (0−1 , 1
−
1 ) and (1
−
2 , 2
−
1 ) are enlarged.
The magnitude of the splitting of the ground-state dou-
blet gradually decreases as 0.69MeV to 0.11MeV from the
NSC97a to NSC97f. We should note that the 0−1 state
lies below the 1−1 state in energy for the NSC97 models.
On the other hand, the 1−1 state is below the 0
−
1 state for
the NSC89. In the E930 experiment at BNL, the mag-
nitude of the ground-state doublet should be determined
in the near future, which would give useful information
on the underlying properties of the YN interaction.
Effects of the parity-mixing intershell coupling on 1~ω
excited states have been investigated. It has been found
that the parity-mixing intershell coupling plays an im-
portant role in the structure of the 0+1 and 1
+
1 states in
16
Λ O with the help of the NN effective interaction. As
a result, the 0+1 and 1
+
1 states have complex structures.
On the other hand, the parity-mixing intershell coupling
on the 2+1 state is less active than the 0
+
1 and 1
+
1 states.
In conclusion, the present shell-model results, espe-
cially, the excitation spectra have shown a good agree-
ment with the experimental levels on the whole, even
though our calculation method is fully microscopic and
does not include any experimental values and adjustable
parameters. The experimental levels are between the two
results for the NSC97f and NSC89. In the near future,
some fine structures of Λ hypernuclei reflecting the prop-
erties of the underlying YN interaction would be revealed
experimentally. We hope that our method will help to
bridge between the YN interaction and the Λ hypernu-
clear structure microscopically, and give useful constraint
to determine YN interactions more realistically.
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APPENDIX A: MATRIX ELEMENTS OF ΛN
EFFECTIVE INTERACTIONS
In Table IV, we tabulate representative matrix ele-
ments of the renormalized “ΛN ” effective interactions for
the NSC97a-f potentials for reference. The “ΛN ” means
that the ΣN channel is not included in the model space
in determining the “ΛN ” effective interactions. The re-
sults using these potentials are tabulated in parentheses
in Tables I and II, and shown in Figs. 2 and 3. The
matrix elements in the 0s and 0p shells are given.
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TABLE IV: Matrix elements of the renormalized “ΛN ” effective interaction 〈aΛbN |v˜ΛN |cΛdN 〉J,T=1/2 for the NSC97a-f poten-
tials. The single-particle states are labeled as 1 = 0s1/2, 2 = 0p1/2, and 3 = 0p3/2. All energies are in MeV.
aΛ bN cΛ dN J NSC97a NSC97b NSC97c NSC97d NSC97e NSC97f
1 1 1 1 0 −0.975 −1.467 −2.130 −3.016 −3.542 −3.976
1 1 1 1 1 −3.109 −3.035 −2.991 −2.795 −2.621 −2.308
1 2 1 2 0 −1.510 −1.398 −1.233 −1.015 −0.881 −0.771
1 2 1 2 1 −0.790 −0.791 −0.841 −0.837 −0.803 −0.671
1 3 1 2 1 0.516 0.374 0.209 −0.054 −0.227 −0.427
1 3 1 3 1 −0.574 −0.674 −0.839 −1.016 −1.101 −1.102
1 3 1 3 2 −1.673 −1.619 −1.579 −1.448 −1.337 −1.146
2 1 1 2 0 −1.583 −1.617 −1.727 −1.750 −1.713 −1.538
2 1 1 2 1 0.990 0.917 0.817 0.658 0.554 0.449
2 1 1 3 1 −1.170 −1.306 −1.477 −1.702 −1.832 −1.950
2 2 1 1 0 −0.083 −0.274 −0.536 −0.883 −1.088 −1.247
2 2 1 1 1 0.301 0.260 0.261 0.202 0.133 −0.019
2 3 1 1 1 −1.087 −1.052 −1.018 −0.931 −0.865 −0.761
2 1 2 1 0 −1.783 −1.677 −1.531 −1.317 −1.177 −1.037
2 1 2 1 1 −1.170 −1.188 −1.258 −1.277 −1.255 −1.129
2 2 2 2 0 0.243 0.166 0.013 −0.140 −0.211 −0.178
2 2 2 2 1 −1.271 −1.222 −1.200 −1.098 −1.002 −0.823
2 3 2 2 1 −0.208 −0.223 −0.227 −0.243 −0.260 −0.300
2 3 2 3 1 −1.040 −0.961 −0.872 −0.715 −0.605 −0.452
2 3 2 3 2 −1.142 −1.201 −1.294 −1.382 −1.419 −1.406
3 1 1 2 1 1.298 1.434 1.603 1.823 1.950 2.062
3 1 1 3 1 −0.118 0.051 0.272 0.588 0.784 0.969
3 1 1 3 2 1.433 1.414 1.410 1.353 1.295 1.195
3 2 1 1 1 1.087 1.052 1.018 0.931 0.865 0.761
3 3 1 1 0 −0.117 −0.388 −0.757 −1.249 −1.538 −1.764
3 3 1 1 1 −1.163 −1.105 −1.075 −0.961 −0.858 −0.669
3 1 2 1 1 −0.563 −0.402 −0.211 0.089 0.286 0.507
3 2 2 2 1 0.273 0.287 0.283 0.297 0.314 0.363
3 2 2 3 1 0.947 0.956 0.986 0.982 0.961 0.903
3 2 2 3 2 −0.659 −0.569 −0.457 −0.283 −0.169 −0.050
3 3 2 2 0 −0.371 −0.648 −0.986 −1.471 −1.771 −2.070
3 3 2 2 1 0.933 0.914 0.919 0.886 0.843 0.754
3 3 2 3 1 −0.934 −0.913 −0.898 −0.848 −0.805 −0.735
3 3 2 3 2 0.145 0.245 0.371 0.551 0.663 0.780
3 1 3 1 1 −0.646 −0.779 −0.986 −1.221 −1.342 −1.378
3 1 3 1 2 −1.920 −1.863 −1.822 −1.681 −1.561 −1.352
3 2 3 2 1 −0.950 −0.865 −0.764 −0.597 −0.486 −0.344
3 2 3 2 2 −1.084 −1.138 −1.228 −1.310 −1.343 −1.324
3 3 3 2 1 0.974 0.949 0.932 0.878 0.829 0.749
3 3 3 2 2 −0.171 −0.275 −0.402 −0.586 −0.702 −0.824
3 3 3 3 0 −0.043 −0.315 −0.707 −1.203 −1.485 −1.662
3 3 3 3 1 −0.923 −0.849 −0.809 −0.670 −0.549 −0.323
3 3 3 3 2 −0.308 −0.352 −0.430 −0.505 −0.540 −0.523
3 3 3 3 3 −1.738 −1.703 −1.686 −1.597 −1.514 −1.368
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